NP-nosHble 3aa4m

Knaccbl 3aaau

Knacc P - 3agauu, paspeluvmble B TeYeHUe NonmHoMmansHoro spemenmn O(n®).

Knacc NP - 3agauu, npoBepsieMble B Te4deHWe MOMIMHOMWANbHOrO BPEMEHW: €cnv AaHo
pelleHne, ero KOPPEKTHOCTb MOXHO MPOBEPUTb 3a MONMHOMManbHoe Bpems. MoryT ObiTb
peleHbl 3a MofIMHOMWanbHOEe BPeEMSI Ha HeoeTEPMUHUPOBAHHOW BbIYMCNUTENBHON MalLUHE.
Bce P-3apgauun Takke asnawtca NP-3agayamu.

Knacc NP-nonHbix 3agay (NP-complete) - 3agaya npuHagnexut knaccy NP-nonHbix 3agaud,
ecnun oHa npuHagnexmnt knaccy NP n aBngetca cTonb Xe “CroXHOW”, Kak U camas CroxHas
3agada u3s NP. Bce 3agaum na NP cBogdatcsa k nobon NP-nonHon 3agave (3a nonnHomMmanbHoe
Bpems).

Ona NP-nonHbix 3agad noka He wM3BECTHO 3dEKTMBHbLIX anropuTMOB peELLUEHNa 3a
NoNMHOMMAanbHOE BpPeMs Ha AETEPMUHUPOBAHHOM BbluMCMTENbHOM MawuHe. Ecnn ygactesa
HanWTM anropum pelweHna ogHon NP-nonHon 3agayn 3a nonMHOMMarnbHOE BPEMS Ha
AeTepMMHMpPOBaHHON MawwnHe, TO M Bce NP-3agaum Takke MOXHO OygeTr pewntb 3a
nonMHoMMansHoe BpeMs Ha AeTepPMUHUPOBaHHOM MaluvHe (T.e. P=NP, 4yTo noka He Aoka3aHo).

Knacc NP-tpyaHbix 3agad (NP-hard) - 3agava asngetca NP-TpygHoORW, ecnu K Hel cBoauTCH
HekoTopass NP-nonHas 3agadva (1.e. NP-TpygHas 3agada He MeHee TpygHa, deMm nobasd
NP-nonHas 3agava). NP-TpygHas 3agadva He o6sa3atenbHO BxoguT B knacc NP (T.e. MOXeT He
pewaTbCa 3a MNOMMHOMMUAanbHOE BpPeEMsS Jaxe Ha HedeTepPMUHUPOBAHHOW BbIYUCIIUTENBHON
MaLluHe).
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3ajaum NMPUHATHUA pelleHnAa N ONTUMKU3aLUN

3agava ontummsaumm - TpebyeTcs HamTu camoe nydwee (onTuManbHOE, MO HEKOTOPOMY
KPUTEPUIO) pELLEHNE U3 MHOXECTBA A0MYCTMMbIX PELLEHWIA.

3agava NpuHATUS pelleHnsa (pacrno3HaBaHMs CBOWCTB) - MOXET MMEeTb OTBETOM TOfbko “aa”
nnn “Het’.

Teopuss NP-nomnHbix 3agady CTPOMTCA TONMbKO AN 3agad MNPUHATUS pelleHnda (T.e. npwu
nokasatensctee NP-MONHOTHI OrpaHNYMBaloTCA TOMbKO 3agadvamMu NPUHATUA pelleHuns). Tem He
MeHee, Kaxayl 3agady OnTMMM3auMM MOXHO CBECTM K 3ajade MPUHATUMS peLleHus nyTem
HaNoOXeHUs1 OrpPaHUYEeHUs] Ha peLleHune: Hanpumep, ecnn MOWUCK KpaTyaunwero nytu B rpadpe
MeXay 3adaHHOM napor BEpWMH - 3adadya OonTMMM3auMn, TO COOTBETCTBYHOLLEN 3agaden
NPUHATUS pelleHns ByaeT “ecTb Nn NyTb B rpade Mexay 3agaHHON Napon BEPLUNH, COCTOALLMI
He ©onee yem u3 k pebep (k - 3agaHHasa koHcTaHTa)? ”. Ecnn 3agava ontuMmmnsauum “npocrtas”
(pewaeTcs 3a nonMHoMUanbHoe Bpemsl), TO “npocton” ByaeT u 3agada NPUHATUSA peLleHus,
aHarnorM4yHo, ecnun 3agadva NpUHATUS pelleHus “crioxkHasa” (He peluaeTcs 3a NonMHoMMUanbHoe
Bpems), To “crnoxHon” GyaeT nm COOTBETCTBYIOLWAS en 3agada ontuMmmsaumn. Takum obpasom,
Teopunsa NP-NonHOTLI MMeeT CNeacTBMA U AN 3agay onTMMmM3anmm

JokasatenbctBo NP-NonHOTHI

Myctb A 1 B - 3agauun npuHaTus pewwenus. Ecnu ectb anroputm, KOTOPbIV 3a NONMHOMUANbHOE
Bpemsi npeoOpasyeT BXxOAHble AaHHble 3adayn A BO BXOAHble AaHHble 3agayn B, npudem
OTBETOM Ha 3agady A OygeT “ga” Torga v Tonbko Toraa, korga “aa” dyaeT OTBETOM Ha 3agady
B, TO Ha3oBEM €ro anropuTMOM NPUBEAEHNS C NONTIMHOMMATbHLIM BPEMEHEM.

Ecnu ansa 3apgayn B nsBecteH anropntM pelleHust 3a nofitHoOMuanbHoe BpeMs, To 3agady A
TaKke MOXHO peLnTb 3a NONMHOMMANbHOE BpeMs nyTem nNpuBeAeHNs ee BXOAHbIX OaHHbIX (3a
nonMHOMManbHOe BpeMsl) K BXOAHbIM AaHHbIM 3agauv B u pewenus 3agaunm B. AHanornyHo,



ecnun ansa 3agavm A HeT anropuTma peLLEHNs 3a MONMHOMMarbHOE BPEMS, TO YTOObLI Noka3aTb
ero oTCyTCTBME W ANns 3adayn B, HY)XHO HaWTKM anropuTM NPUBEAEHUSA C MONMHOMMUASIbHBIM
BpeMeHeM 3agaudn A K 3agade B.

Takum obpasom, 4Tobbl Aoka3aTb NP-nonHOTY 3agaym, Hy>KHO NoKa3aTb, YTO OHAa NPUHAANEXNUT
knaccy NP un 4yTo Kk Hel cBoguTcs (npuBoguTcs) HekoTopas m3BecTHas NP-nonHas 3agava. B

ponn Takon “maHadvanbHon” NP-nonHom 3agaunm o6bivHO BbicTynaet SAT wnm 3-CNF-SAT,
NP-nonHoTa koTopbix Obina gokasaHa.

SAT

3apgada SAT (Boolean Satisfiability Problem) - 3agaya o BbinonHumocTtn 6yneson opmyribi.
MNycTb naHa Bynesa popmyna ot n nepemeHHbIX f(x,, X,, ..., X,), T.€. BblpaxeHue, NoCTPoeHHoe
N3 BXOXOEHUM N nepeMeHHbiX, onepauun otpuuanusa (HE), koHbtoHkumm (M), OM3bHOHKUUK
(MNN) n ckobok. TpebyeTcst NpoBepuTb, ABNAETCA 1M POPMYIia BbINONHUMOWN, T.€. CyLLEeCTByeT
N Takon Habop 3HaYEHUN NePEMEHHbIX Y., Y,, ..., Y,, YTO f(y,, ¥,, ..., y,) = true.

3agadya SAT pgns npousBonbHOWM opMyrbl B KOHBLIOHKTMBHOW HopManbHou dopme (CNF)
anaetca NP-nonHon (Bpems peweHus - O(n*2")). Tem He MeHee, ecTb BuAbl hopmyn
(Hanpumep, 2-CNF), ona kotopbix 3agada SAT He aBnaetca NP-nonHon.

3agaya 3-CNF-SAT - 3agavya SAT, korga dopmyna HaxoguTcss B 3-KOHbHOHKTMBHOM
HopManbHON hopMe: Kaxkaas AN3bHOHKUMS COOAEPXKUT POBHO 3 nuTepana - NepeMeEHHY0 nnm ee
oTpuuaHue. Takke asnsetca NP-nonHown.

[Mprmepbl NP-noaHbIX 3aga4

3apada o K/iMKe

Knuka B HeopueHTMpoBaHHOM rpadpe (clique) - nonHbln nogrpad rpadpa (T.e. nobasa napa
BEPWMH KOTOPOro coeavHeHa pebpom). HyXHO HaWTM KWKy MakcuMarnbHOro pasmepa
(maximum clique; KnMKy ¢ MakcMmasnbHbIM YACTIOM BEPLUNH).

(&)

3aga4ya 0 He3aBUCMMOM MHOXKecCTBe

Hesasucumoe MHoxecTBO (independent set) - noarpad rpada, kaxgas napa BepLUnH KOTOpPOro
He coeanHeHa pebpom. HyXHO HaWTM He3aBUMCMMOE MHOXECTBO MaKkCMMarbHOro pasmepa.



3apjava cBA3aHa C 3agadvent O KuKe, T.K. MakCMMarnbHOE He3aBMCUMOE MHOXeCTBO rpada
OyaeT MakcMMarnbHOWM KNMKOW B AONOMHEHWUW 3TOro rpada n Haobopor.

3apaya o BepLUMHHOM MOKPbITUN

BepLlunHHOe nokpbiThe rpada (vertex cover) - NOAHOXECTBO BEPLUUH rpada, kaxaas BeplivHa
KOTOPOro MHUMAEHTHA MUHMMYM ofHOMy pebpy rpada (HeT pebep, He WMHUMAOEHTHbIX XOTb
OOHON BeEpLUMHE W3 MOKPbITUS). TpebyeTcsa HaMTM BepLUMHHOE MOKPbITUE MUHUMAarbHOMO
pa3mepa. [lononHeHve MUHUMANbHOTO BEPLUMHHOIO MOKPLITUSI - MaKCUManbHOE He3aBUCUMOe
MHOXECTBO.

(2)

3agava o packpacke rpacga

Packpacka rpadha (graph coloring) - npucBoeHue BepnHam rpaga MeTok (LBETOB), YTOObI ANnA
Kaxxgoro pebpa ero BepLuMHbl ObIIM OKpaLleHbl B pasHble LBeTa. TpebyeTca HauTy packpacky,
NCNONb3YOLLY0 MMHMMAaNbHOE YUCIIO LBETOB (XpoMaTmyeckoe Yncro rpada).



3ap,atla 0 KOMMHUBOAXKEpe

[aH nonHbl B3BeELEHHbIN rpad (COOTBETCTBYET TPAHCMOPTHOM CETU C  U3BECTHOW
“CTOMMOCTBIO” MYyTU MEXAY Kaxaon napon ropodoB). amMunbTOHOB UMK - NyTb B rpade,
Ha4YMHAaLWMIACA M 3aKaH4YMBaKOLWIMNCA B OOHOW BEpPLUMHE W MPOXOOALMN 4epe3 ocTasbHble
BEpPLWMHbI POBHO MO OfHOMY pasy. TpebyeTca HaWTU ramMWUbTOHOB LUK C MUHUMAarnbHbIM
CYMMapHbIM BECOM.

3ap,at-|a O PIOK3akKe

[aHo N pasHbix npegmeToB, Kaxabli NpeamMeT MMeeT Bec/obbem M CTOMMOCTb. Takke AaH
PIOK3aK, WMENLMA BEpXHU npeden no MakcumanbHOMYy Becy/06bemy BXOAAWMX B HEro
npegmeTtoB. TpebyeTca HaNTU Takoe NOAMHOXECTBO NPEeAMETOB, YTOOLI OHO BXOAMMO B PHOK3aK
N CyMMapHasi CTOMMOCTb MpeaMeToB Obina MakcumarnbHoW. ECTb pasnuyHble Buabl 3agay o
ptoK3ake, OTin4yaroLmecs orpaHMyeHnamMmn Ha Bolbop NpeameTos.

AnropntMmbl peweHna NP-noaHbIX 3a4ad

Anroputm TouHOro pewenna NP-nonHon 3agadn (NonHbin nepebop) nmeeT aKCNOHEHUMANbHYIO
BPEMEHHY0 CNOXHOCTb U He achdpekTBeH Ansa 6onbLlunX pa3mepoB 3agayuun.

MeToab! pelleHnst 3agad, UCMOosb3YoLLME NOSHbIM Nepebop B TOW UM MHOW Mepe:
® [OMWCK C BO3BpPaTOM
e MEeTO[ BEeTBEW U rpaHuL,
e anbda-beTta oTceyeHne

Ecnu TOyHOEe (onTumanbHOe) pelueHne He TpebyeTcs, MOXHO WCNONb30oBaTb Pa3fNUYHbIE
NPUOIMKEHHbIE anrOpUTMbl, MO3BONAKOWME HAWTU cybonTumanbHoe (NpubnmXxeHHoe, T.e.
BO3MOXHO XYyXXe ONTUManbHOro, MHorga B W3BECTHOE YMCNO pas) pelleHre, HO YxXe 3a
NONMMHOMMANbHOE BPeEMSI.

B uncno npubnmkeHHbIX anroputMoB U METOAOB AN UX NOCTPOEHNS BXOOST:
e XafHble anropuTMbl
® [MHaMu4yecKkoe NporpaMMMpoBaHue
® [MHelHoe NporpaMMMpoBaHue



aliropnTMbl JIOKaJibHOro noncka
3BPUCTNUYECKMNE allTOPUTMbI
paHAOMU3NPOBaHHbLIE anropuTMbl
reHeTn4eckne anropuntmol

n ap.

MeToz BeTBEM M FpaHUL,

MycTb X - MHOXECTBO BO3MOXHbIX peLleHni 3agaydum (NpocTpaHCcTBO nowvcka), f(x) - oueHo4vHasa
YHKLMS; HYXKHO HanTh pewwenne y € X, f(y) = min {f(x) | x € X}.

Cuutaem, 4TO ecTb adpdekTuBas npoueaypa onpeaeneHns HKHEeN OLUEeHKN Ans NoAHOXeCTBa
peweHnn S: bound(S) < f(x) V x € S. Torga Ang noucka onTUMarnbHOIO peLleHns METOAO0M
BEeTBEW M rpaHuL MHOXecTBO X pPeKypCMBHO pa3buBaeTcs Ha nogMHOXecTBa (cTagus
BETBNEHNS) ANA NOCTPOeHUA aepeBa noucka. Ecnun anga kakon-nnbo seteu gepesa S bound(S)
> upper, rae upper - TekyLLas BepXHASA OLeHKa ONTUMarbHOro peLlleHus, To Takas BETBb MOXET
ObITb MCKMNIOYEHA U3 PACCMOTPEHUS, T.K. HE CMOXeT [acTb peLleHUs nydlle 4Yem Tekyllee
(ctagua otceyeHus). [locne aHanmsa Bcero pgepeBa OygeTr MNOMy4YeHO €OUHCTBEHHOE
OonTMMarnbHoe peLleHune.

MpenmyLecTBo B CKOPOCTM METOAA BETBEN U rpaHuL, 3aBUCUT OT 3P(EKTUBHOCTM BbIYUCTIEHNSA
HWKHeN oueHkn bound(S) aona BeTBn gepeBa 6e3 noceleHus BCexX y3noB 3Ton BeTBU. [pu
noceLLeHnn BCEX Y3II0B BETBM METOL CBOAMTCS K MONHOMY nepebopy.

BranchAndBound (X) :
upper = Infinity
solution = None
BranchAndBound (X, upper, solution)
return solution

BranchAndBound (x, upper, solution):
if x is single element:
if f(x) < upper:
upper = f(x) // update global upper
solution = x // update global solution
else:
subsets = subdivide (x)
for each s in subsets:
if bound(s) <= upper: // branch isn’t discarded
BranchAndBound (s, upper, solution)



Anroputm bpoHa-Kepb6owa

Anroputm BpoHa-Kepbolwia - meToq BeTBEWN M rpaHuL, Ansi Noucka BCEX MakCMMarbHbIX KWK B
rpacde (T.H. maximal clique - T.e. TakMxX KWK, KOTOpble HEe BXOOAT B ApYrve Knuku GonbLuero
pa3smepa; He nyTaTb ¢ maximum clique!). Anropntm onepmpyeT ¢ TPEMS MHOXECTBaMW BEPLUNH:
R - Bo3MmOXHas knuka, P - BeplwWHbl-kaHOMAATbl Ha BKMAKYEHME B KAMKY, X - yxe
pPacCMOTPEHHble BepLUMHbl (UCMOoNb3yeTca ANs OTCeYEeHUSI MOBTOPSIOLWMUXCH WM NNOXUX
BapuaHTOB).

BronKerbosch (G) :
BronKerbosch ({}, G.V, {})

BronnKerbosch (R, P, X):
if P and X is empty:
R is a maximal clique, report it

else:
for each v in P:
BronKerbosch (R U {v}, P N Neigh(v), X N Neigh(v))
P =P\ {v}
X =X U {v}
Neigh (v) :

return all vertices adjacent with vertex v

I[l,OME:’iLLIHee 3ajaHune

[na ykaszaHHOW 3agadn paspaboTtaTtb (NMMOO M3yunTb MMEKLLMECH U 3arnporpamMuMpoBaTh) ABa
anropuTMa peLleHus: HaXOA4ALWNA TOYHOe peLleHme (C 9KCNOHeHUManbHbIM BpeMeHeM paboThbl)
N Haxoadawmi NpubnmxkeHHoe pelleHne (C norMHoOMManbHbiM BpemMeHeM paboTbl). CpaBHUTL
BpeMsi paboTbl anropyuTMOB W MOJSyYEHHbIE peELIeHNA Ha Habopax BXOAHbIX AaHHbIX Kak
HebonbWoro, Tak u ©OonbloOro pasMepa (BXOAHblE [OaHHble CreHepupoBaTb WM OOCTaTb
camocTosTenbHO). Ecnv He xBaTaeT BpeMEHM A0XAATbCA MNOMyYeHUs TOYHOrO peLUeHus,
NPUBECTM NPUBNU3NTENBHYHO OLIEHKY BO3MOXHOIO BpEMeHU paboThbl U yka3aTb, YTO peLLeHne He
nosny4eHo. A3blK TporpammMmMpoBaHus No Boldopy.

BapuaHTbl 3agaHui

Homep sapuaHma Onsi 8bIMNOSIHEHUS = C80U HOMep 8 crucke 2apynnbl % konu4yecmeo

gapuaHmoe

1. 3apgava o knuke (maximum clique)
2. 3apada o He3aBMCMMOM MHOXecTBe (maximum independent set)
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10.
11

12.

3apava 0 BEPLUMHHOM MOKPbLITUM (Minimum vertex cover)

3apgada o packpacke rpacda (chromatic number)

3apgayva o kommumBosikepe (travelling salesman)

3agava o proksake 0-1 (0-1 knapsack - kaxgbin npegmMmeT MoxeT 6bITb BblibpaH
Makcumym 1 pas)

3agadva o NoKpbITUM MHOXECTBa (set cover)

3agaya o cymme nogMHOXecTBa (subset sum)

OrpaHunyeHHasn 3agadva o prok3ake (bounded knapsack - kaxgbli npeameT MOXeT ObITb
BblGpaH He 6onbLue PUKCUPOBAHHOIO Yncna pas)

BaBelueHHas 3agaya o NOKpbITMM MHOXecTBa (weighted set cover)

. 3apayva 06 ynakoBke B kOHTeWHepb! (linear bin packing - ynakoBka B ogHOMeEpHbIe

OAMNHAKOBbIE KOHTENHEPDI)
HeorpaHnyeHHas 3agada o ptok3ake (unbounded knapsack - Kaxabi npeameT MoXeT
ObITb BbIOpaH HeOrpaHNYeHHOE YUCITo pas)

KOHTpO/IbHbIE BONPOCHI
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9.

10.
11.
12.
13.

Knaccbl 3agad. NP-nonHble 3agayn.

3agaun NpuHATUA pelleHns n ontuMmmnsaunn. MNMprumepsl.
MpuBoaMMOCTbL 3aaad 1 AokasatenbcTBO NP-NOMHOThI.
3apava SAT.

3apava o Knuke.

3apgaya 0 HeE3aBUCMMOM MHOXKECTBE.

3agayva 0 BEpPLUIMHHOM MOKPbLITUN.

3apgava o packpacke rpada.

3agaya 0 KOMMUBOSIXKEPE.

3apgava o proksake.

MpnbnuxeHHble anropuTMbl pelleHns NP-nonHbIX 3aaad.
MeToa BeTBEN U rpaHnL,.

Anroputm BpoHa-Kep6owa.

JInTepatypa

KopmeH T., JlensepcoH Y., Pusect P., WtanH K. Anroputmel: NocTpoeHne n aHanus, 3-e
nsgaHuve:

o [naea 34, NP-nonHoTta

o [naBa 35, MNpuGnmxeHHbIe anropuTMbl
Axo A., XonkpodT [., YnbmaH [1. CTpyKTypbl AaHHbBIX 1 anropuTMbl:

o [naBa 10, MeTtogbl pa3apaboTku anropuTmMoB

Mapu M., [)xoHCOH [1. BbluncnvtenbHble MalluHbl 1 TpygHoOpeLllaemMble 3agadn
o [InaBbl 1-7



