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Abstract. The fragmented programming technology and the language imple-

menting it are briefly introduced as well as LuNA fragmented programming 

system, on the example of two-dimensional boundary value problem solution, 

for liquid filtration "oil-water-gas" system. For parallel implementation of the 

boundary value problem, the parallel longitudinal-transverse sweep algorithm 

was applied. Using this method, the fragmented program in the LuNA system 

has also been implemented. The calculations are made for different number of 

points in the spatial variables. To compare the quality of implementation the 

applied numerical algorithm has been implemented in several variations: the 

sequential program, the parallel program using MPI and the fragmented parallel 

program in LuNA language using LuNA programming system. 
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lel program, sweep method. 

1 Introduction 

Implementation of large-scale numerical models on supercomputers is often challeng-

ing, especially for scientists, who are not experienced in system parallel program-

ming. Consequently, of great importance are systems and tools of parallel program-

ming. Such tools are aimed at reducing the complexity of parallel programming 

through its automation. In appropriate circumstances they reduce the complexity of 

parallel programs development, lower system parallel programming skill require-

ments, improve quality of resulting parallel programs, and so on. 

Parallel programming automation is a subject for numerous research efforts, 

and its importance tends to increase. Worth mentioning are the following systems of 

parallel programming, which closely relate to scientific numerical modeling: PaRSEC 

[8], libgeodecomp [9], Charm++ [10], KeLP [11]. 

The LuNA programming system [6-7,12] is also a system of parallel pro-

gramming, aimed at elimination of parallel programming from the process of parallel 
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implementation of large-scale numerical models on supercomputers. In this paper we 

discuss the parallel implementation of two-dimensional boundary value problem solu-

tion, for liquid filtration "oil-water-gas" system in LuNA programming system. 

The fragmented programming technology and LuNA programming system 

were chosen, because they aim at reduction of complexity of implementation of large 

scale numerical models. 

The paper is organized as follows. The next two sections describe the appli-

cation problem and its mathematical formulation, section 4 studies the parallel algo-

rithm of the problem’s solution. Section 5 contains a brief description of LuNA sys-

tem, and section 6 represents the results of the performance tests. 

2 The problem of filtration 

This paper considers the two-dimensional problem of three-phase fluid filtration in 

the "oil-water-gas" system. The problem is a simulation of oil recovery process for 

secondary methods. Practical significance of the calculations for this class of prob-

lems is quite large. This is due to the fact that a very large part of oil production is 

associated with the use of secondary recovery techniques, such as displacement of oil 

by water or solvents, thermal impact on the field, etc. Considered model describes the 

secondary method of oil by water displacement. It has a number of specific features 

that make it difficult, and in some cases impossible to use standard numerical meth-

ods, proven to be efficient for other classes of problems. General formulation of the 

problem can be reduced to the following form: there is an oil reservoir, in which the 

water is pumped under pressure through the injection well, and it is necessary to cal-

culate how much oil will be obtained from the production well. More information can 

be found in [1-4].  

3 Definition of the problem 

Let us consider a two-dimensional boundary value problem for liquid filtration of 

"oil-water-gas" system. The problem is described by the following equations [1,2] in 

dimensionless variables. 
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Given equations, describe the change in pressure (Pl) and saturation (Sl) for each 

phase, in time and space coordinates. Influence of wells is accounted by the corre-

sponding coefficients (ql). The complexity of the solution is caused by presence of 

coefficients – functions of saturation inside of differential operator.  

4 Algorithm of the Solution 

To solve the system (1) an iterative method with implicit pressure and explicit satura-

tion is used. In order to do this, first three equations of the system are summarized and 

using fourth and fifth ratios of the system (1). Obtained equation is solved relative to 

the gas pressure. Resulting equation is reduced to the implicit difference scheme, then 

solved by the longitudinal-transverse sweep method [5] at each iteration layer using 

saturation values from the previous iteration layer. The idea of the method is to calcu-

late values for next time step through intermediary time step, where at intermediary 

time step the function value is calculated as derivative relative to one spatial variable, 

and in the second spatial variable takes the value from previous time step (longitudi-

nal direction). In the transverse direction, the value of the function at next time step is 



calculated as derivative by second spatial variable and first spatial variable takes the 

value calculated at intermediary time step. Calculated values of gas pressure are used 

to find other pressure values. Then, we find saturation of oil and water, using the first 

and second equation of the system (1), and gas saturation value – using the last ratio 

of the system. Iterative process stops when the convergence condition is satisfied. 

   |      
        

   |    ( ) 

Convergence of the process is affected by number of wells, because gradients of pres-

sure and saturation phases are rapidly changing around the wells and the rest of the 

area is changing smoothly and therefore the convergence condition is reached faster. 

We suggest the following parallel algorithm. We make decomposition of the spatial 

area into rectangles, as shown in the following figure 

 

Fig. 1. Decomposition area. 

Figure 1 shows that direction j has fragment size M/fgcnt, where fgcnt is the number 

of fragments. Direction i has fragment size N/fgcnt. Therefore, we have        data 

fragments of size N/fgcnt×M/fgcnt. Then, the original algorithm can be represented as 

sequence of following steps: 

Step 1. Generate variable matrices                   of size Nx(M/fgcnt+1) for first 

and last data fragment and Nx(M/fgcnt+2) for others. The values of these matrices are 

determined from the initial conditions (2). 

Step 2. Solve the equation for the gas pressure obtained from addition of the system 

(1) at intermediate time step for            ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅,        ̅̅ ̅̅ ̅̅ ̅̅ ̅̅  and all          ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ 
Step 3. Calculate values for pressure of oil and water, using ratios 4 and 5 of the sys-

tem (1) for all          ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅. 
Step 4. Calculate values for saturation of oil and water using equations 1 and 2 of the 

system (1),  gas saturation can be found from ratio 6 of the system (1) for all   
       ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅.  
Step 5. Check convergence condition (4), if it is satisfied for all           ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ then 

go to step 6, otherwise override values of variables matrix                   with 

values calculated in steps 2-4. 



Step 6. Generate variables matrix                   of size (N/fgcnt+1)xM for first 

and last data fragment and (N/fgcnt+2)xM for others. 

Step 7. We define the values of these matrices according to the following scheme: 

fragments k send all l fragments submatrices of their variables                 , of 

size (N/fgcnt+2)x(M/fgcnt+2) for                where 

  (   )                        ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅  and size of (N/fgcnt+1)x(M/fgcnt+1) 

otherwise, where   (   )                      ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅          and    

(   )                    ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅            
Step 8.  Solve the equation for gas pressure obtained from addition of the system (1) 

at intermediary time step for            ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅,        ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ and all          ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅. 
Step 9. Similar to steps 3 and 4, find the pressure of oil and water and saturation of 

oil, water and gas for all          ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅.  
Step 10.  Check convergence condition (4), if it is satisfied for all           ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ then 

go to step 11, otherwise override values of variable matrices                   to  

values calculated in step 9. 

Step 11. Fill variable matrices                  , for longitudinal direction by the 

following scheme: l fragment sends all k fragments submatrix of their variables  

                  of size (N/fgcnt+2)x(M/fgcnt+2) for                where 

  (   )                        ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅  and of size (N/fgcnt+1)x(M/fgcnt+1), 

otherwise, where   (   )                      ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅         and    
(   )                    ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅             and go to step 2. 

The process stops when it reaches specified time. 

A feature of this parallel algorithm is the absence of data exchange within the compu-

tations by directions. Only when the iterative process converged in one direction, the 

calculated values will be transferred to other processes. This reduces amount of com-

munications, while checking convergence conditions of the iterative method, but 

leads to sending the entire array, obtained by each process as a result of calculation, to 

all other processes, in order to start computation in other direction.  

To compare implementation quality the applied numerical algorithm has been imple-

mented in several forms: sequential Java program, parallel C++ program using the 

MPI standard, parallel fragmented program in LuNA language [6, 7] using LuNA 

programming system.  

5 LuNA language and system of fragmented programming 

LuNA (Language for Numerical Algorithms) – is a language and a system of paral-

lel programming, aimed at automation of parallel programming of large-scale numeri-

cal models on supercomputers. LuNA language and system are being developed in the 

Supercomputer software department of the Institute of computational mathematics 

and mathematical geophysics of the Siberian branch of Russian academy of sciences. 

The theoretical basis of LuNA is the theory of structured synthesis of parallel pro-

grams on computational models [13]. The main approach of LuNA can be described 

as follows. A user reformulates an application algorithm into the explicitly parallel 

form, called fragmented algorithm (FA). The FA is automatically transformed by 



LuNA compiler into a parallel program, executable by LuNA run-time system on a 

multicomputer. LuNA compiler and run-time system take care of such problems as 

performing communications, data access synchronization, memory management, 

dynamic load balancing, and so on. 

A major part of the approach is the possibility to improve the quality of FA execu-

tion by specifying “recommendations” – partial decisions on how to distribute FA 

among computing nodes, on what kind of workload scheduling to choose, and so on. 

The recommendations allow tuning the FA execution “by hand”, achieving better 

performance without the user needing to drive into complex system parallel pro-

gramming. 

Main advantages, offered by LuNA, are reduction of programmer qualification re-

quirements, reduction of parallel program development laboriousness, automatic pro-

vision of such properties of parallel program as dynamic load balancing, performing 

communications in parallel with computations, and so on. The programmer does not 

do parallel programming as such, his role is limited to algorithm decomposition, se-

quential programming and declaration of recommendations in a domain specific lan-

guage (DSL). So, the parallel programming as such is eliminated form the process of 

implementation of numerical models for multicomputers. 

Currently, LuNA system is implemented as a prototype. An FA, described in Lu-

NA language, is interpreted by the run-time system, which invokes user sequential 

procedures, encapsulated in a traditional dynamic load library, according to the FAS. 

In such way, implementation of coarse-grained parallel algorithm mainly consists of 

native code execution and minor system overhead. On the contrary, fine-grained FA 

is likely to have poor performance. The LuNA run-time system is designed to be scal-

able to supercomuters of any size, therefore it only employs scalable distributed sys-

tem algorithms with localized communications. 

6 Performance Tests  

Experiments were conducted for different number of mesh points in the spatial coor-

dinates and different number of processors for parallel implementations. Parallel ver-

sion and LuNA version were run on a cluster of Siberian Supercomputer Center. Time 

step and number of wells were not changed. The purpose of the test was to determine 

the efficiency of various implementations of the numerical algorithm. Test results are 

shown in Figure 2. 



 

Fig. 2. The computation time (sec.) depending on the number of mesh points. 

Figure 2 shows that at a small number of mesh points the minimum execu-

tion time belongs to the sequential implementation of the algorithm.  

With increase of the number of points, parallel implementation is at first 

catching up and then overtakes the sequential implementation. This is due to the fact 

that, with the growth of computation load benefit from parallelism begins to outweigh 

the overheads arising from communications. Execution time of the LuNA program 

exceeds the other execution times at about half order. The reason for that is the rela-

tively small size of the problem, which results in the fact that system overheads to 

organize execution of the fragmented program exceeds the "useful" computations of 

the algorithm. Nevertheless, despite lower quality of the implementation the LuNA 

program is easier to develop, because the LuNA system releases the programmer from 

the burden of dealing with communications, resource allocation, memory manage-

ment, and number of other problems. Also, from figure 2 it can be seen, that with 

increase of the number of points and processors the execution time reduces, but only 

to a certain limit. With increase of the number of processors, more time is wasted on 

data transfer, and it affects the execution time of the program with small amount of 

computational load.  

We can conclude that benefits of parallel implementations of the algorithm 

tend to increase with the problem size increase. 
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